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Diagonalization of the Mass Matrix 

The mass matrix (M) is not even Hermitean; 

Up to singular cases, however, it can always be diagonalized 

by 2 unitary transformations

ui
L  Uik

L u
k
L                 u

i
R  Uik

R u
k
R

M´= U†
L M UR            (M´)† = U†

R (M)† UL 

Lmass  mup (uL uR + uR uL ) + mch(cL cR + cR cL ) + 

mtop(tL tR + tR tL ) 

LCC
weak int =   gW     ( J

-
 W

+
   + J+

 W
-
 ) 

                      2 2



The Cabibbo-Kobayashi-Maskawa Matrix
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With N(N-1)/2 Euler angles and [N2 - N(N-1)/2]

phases; not all these phases are physical 

neutral currents remain diagonal in flavor (no FCNC at  tree  level)

 



Up to singular cases, the mass matrix  can always be diagonalized by 2 

unitary transformations
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The Cabibbo-Kobayashi-Maskawa Matrix



Weak Interactions

-Decays
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N(N-1)/2           angles           and        (N-1)(N-2) /2     phases

N=3      3 angles + 1 phase      KM 
the phase generates complex couplings i.e.  CP 
violation;  
6 masses +3 angles +1 phase = 10 parameters
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Vcd Vcs Vcb 
Vtb Vts Vtb 
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Quark masses &
Generation 
Mixing

Neutron

Proton

e

e-

down
up

W

| Vud | = 0.9735(8)

| Vus | = 0.2196(23)

| Vcd | = 0.224(16)

| Vcs | = 0.970(9)(70)

| Vcb | = 0.0406(8)

| Vub | = 0.00409(25)

| Vtb | = 0.99(29)

            (0.999)

-decays

updated values next slide

| Vtd | 
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Quark  

Masses from 

Lattice QCD
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The Bjorken-Jarlskog Unitarity Triangle

a1 = V11V12
*= VudVus

*

a2 = V21V22
* a3= V31V32

*

a1 + a2 + a3 = 0
(b1 + b2 + b3 = 0 etc.) 

a1

a2
a3

 


Only the orientation depends
on the phase convention

|Vij| is invariant under
phase rotations



Physical quantities correspond to invariants
under phase reparametrization  i.e.
|a1 |, |a2 |,  … , |e3 |  and the area of the 
Unitary Triangles

a precise knowledge of the
moduli (angles) would fix    J 

CP   J

J = Im (a1 a2 
* ) = |a1 a2 | Sin 



The Standard Triangle of the Standard Model
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VubVud+ VcbVcd+VtbVtd = 0* **



From 
A. Stocchi
ICHEP 2002



STRONG CP VIOLATION 

L  =    Ga Ga
                     Ga

 =  G
a


 

L  ~     Ea · Ba

This term violates CP and gives a contribution to the 
electric dipole moment of the neutron

en   <  3  10-26 e cm

  < 10-10   which is quite unnatural !!





Georg Raffelt, MPI Physics, Munich Vistas in Axion Physics, INT, Seattle, 23–26 April 2012

Pie Chart of Dark Universe

Dark Energy 73%
(Cosmological Constant)

Neutrinos
0.1-2%

Dark Matter
23%

Ordinary Matter 4%
(of this only about
10% luminous)

Raffelt

See  several  

talks on axions 

tomorrow  





Classification of the processes   in the SM

Leptonic Decays
the prototype of these decays is given by 

which at the fundamental  level is given by 

Other  possible leptonic decays are given by

the latter process is suppressed by chirality



Semi-leptonic Decays
these are the better sources to  measure the absolute values of the CKM matrix   elements |V ij|

other possible semi-leptonic decays are the following



Non-leptonic Decays
Penguins contractions and all that 



Non-leptonic Decays
Penguins contractions and all that 



Non-leptonic Decays
Penguins contractions and all that 



All Topologies



All Topologies

for heavy mesons many  particles in the final state



Rare Penguin Radiative Decays



since  different neutrinos have a mass  and they can mix,

is a possible decay which satisfies 

all the symmetry 

constraints 

note that the photon is emitted  by 

the W boson, analogy  radiative B decays

Radiative Penguins



PENGUINS AND BOXES

Lowest order 

diagrams

QCD corrections at 

NLO  or  NNLO



BOXES

Mixing of Neutral  Mesons

in the case of kaons

also charm and up quarks 

contribute

for D and K meson mixing   

there are important long 

distance contributions

QCD corrections









| KL › = | K2 ›CP= - 1

HW

CP= + 1





Indirect CP violation: mixing

HW
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                       coupling 

Box diagrams:
They are also responsible
   for B0 - B0 mixing

             md,s

u,c,t

K



The Effective Hamiltonian,  Wilson OPE 

and QCD Corrections  
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GENERAL FRAMEWORK

HS=1 = GF/√2 Vud Vus
*[ (1-) i=1,2 zi (Qi -Q

c
i) + 

 i=1,10 ( zi + yi ) Qi  ]
 Where yi and zi are short distance coefficients, 

which are known  in perturbation theory at the NLO        
(Buras et al. + Ciuchini et al.)

                                 = -Vts
*Vtd/Vus

*Vud 

We have to compute AI=0,2
i= ‹ (π π)I=0,2 | Q i | K ›

 with a non perturbative technique  (lattice,

  QCD sum rules, 1/N expansion etc.)



A0  =  ∑i  Ci() ‹ (π π) | Qi () | K ›I=0 (1- IB)

 

 = renormalization scale

-dependence cancels  if operator

matrix elements are consistently

computed

Isospin 

Breaking

IB  = 0.25 0.08 (Munich from Buras & Gerard)

          0.25 0.15 (Rome Group)     0.16 0.03 (Ecker et al.)

          0.10 0.20  Gardner & Valencia, Maltman & Wolf, Cirigliano & al.





GENERAL FRAMEWORK

‹ HS=1 › = GF/√2 Vud Vus
* ... i Ci (a) ‹ Qi(a) ›

MW = 100 GeV

a-1 =  2-5 GeV 

QCD , MK  =  0.2-0.5 GeV 

Effective Theory - quark & gluons

Hadronic non-perturbative region



Large mass scale: heavy degrees of 
freedom (mt , MW, Ms ) are removed and
their effect included in the Wilson
coefficients

renormalizazion scale  (inverse lattice
spacing 1/a);  this is the scale where
the quark theory is matched to the 
effective hadronic theory 

perturbative region

non-perturbative region

100 GeV

1-2 GeV

Scale of the low energy process
  << MW

THE SCALE PROBLEM:   Effective theories prefer low scales, 
                                        Perturbation Theory prefers  large scales



if the scale  is too low
problems from higher dimensional operators
(Cirigliano, Donoghue, Golowich)
- it is illusory to think that the problem is solved by using dimensional
 regularization

on the lattice this problem is called
           DISCRETIZATION ERRORS
(reduced by using improved actions and/or scales  > 2-4 GeV



Courtesy by Xu Feng



New local four-fermion operators are generated
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+ Chromomagnetic and electromagnetic operators 



CP   Violation in the Neutral Kaon System

Expanding in several “small”
quantities

Conventionally:
| KS › = | K1 ›CP=+1   +  | K2 ›CP= - 1

| KL › = | K2 ›CP= - 1   +  | K1 ›CP= + 1 



| KL › = | K2 ›CP= - 1

HW

CP= + 1





Indirect CP violation: mixing
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2 6   sin   

 {F(xc , xt)+ F(xt)[A
2 4   (1-  cos )] - F(xc)}

   BK    

  Inami-Lin 
Functions + QCD
Corrections (NLO)
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B0 - B0 mixing
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| KL › = | K2 ›CP= - 1

HW CP= + 1





Direct CP violation: decay

Complex S=1 effective 

 coupling 

K





s

u



LCP = LF=0 + L F=1 + L F=2

F=0      de < 1.5 10-27 e cm        dN < 6.3 10-26 e cm

F=1          ' /  

+ B decays (see later)

F=2                      and       B       J/ Ks



The extraordinary progress  of the experimental 

measurements requires accurate theoretical predictions 

Precision flavor physics requires the control of hadronic 

effects for which lattice QCD simulations are essential

BSM

SM

What can be computed and 

what cannot be computed 



Semileptonic (K,D,B)

Leptonic (π,K,D,B)

(some) Radiative and Rare    long distance effects

(also K -> π l+l- )



Non-leptonic
but only below the 

inelastic threshold

(may be also

3 body decays)

Neutral meson mixing (local)

B -> ππ,Kπ, etc.  No !

+ some long distance contributions to K and D neutral 

meson mixing + short distance contributions to B-> K(*) l+l-



courtesy of P. Gambino



courtesy of P. Gambino



Gagliardi – Pisa  February 2023



Large invariant mass

intermediate state when 

q^2 large

Radiative decays 



sin 2  is measured directly  from B       J/ Ks

decays at Babar & Belle

                (Bd
0       J/ Ks , t) - (Bd

0       J/ Ks , t) AJ/ Ks 
=

(Bd
0       J/ Ks , t) + (Bd

0       J/ Ks , t)

AJ/ Ks 
= sin 2   sin (md t) 



DIFFERENT LEVELS OF THEORETICAL 
UNCERTAINTIES (STRONG INTERACTIONS)

1) First class  quantities, with reduced or  negligible  

uncertainties

2) Second class  quantities, with theoretical errors of O(10%) 

or  less that can be

reliably estimated

3) Third class  quantities, for which theoretical predictions 

are model dependent (BBNS, charming, etc.) 

In case of discrepacies we cannot 

tell whether is new physics or

we must blame the model



Flavour Physics

1963: Cabibbo Angle 

1964: CP violation in K decays *

1970 GIM Mechanism

1973: CP Violation needs at least 

three quark families (CKM) *

1975: discovery of the tau lepton –

3rd lepton family *

1977: discovery of the b quark -

3rd quark family *

2003/4: CP violation in B meson 

decays                        * Nobel Prize



CP Violation

!!



the Standard Model and beyond

Vacuum 
Energy Hierarchy

Vacuum 
Stability

Strong CP

Flavor 
puzzle

Neutrino 
Masses

New Physics 
Possible breaking of 
accidental 
symmetries 



from elegance to caos !!



courtesy of B.A. Stefanek



+ the coupling θ of  strong CP violation 



neutral currentselectromagnetic charged currents



for Hemiticity g1=g2



Relativistic
Quantum 
Mechanics

Antimatter
CPT Theorem



+

+
+ 

+

P

-

 -
C

CP
- 

CP Violation was
discovered about
37 years ago in 
K0 - K0 mixing
(weak interactions)





In 1967 Andrei Sakharov  pointed out that, for the universe to evolve 

from the initial matter-antimatter fireball to the present matter 

antimatter asymmetric state, 4 conditions must be fulfilled:

1) Baryon  number  violation      B    0      (GUT  ??)

e+   +  d    →    X    →    u    +     u              ( (B-L)  = 0 )

Lepton number violation is possible but not necessary and could be zero

2) Charge symmetry  violation        C 
( e+  +  d   →   X   →   u    +    u )  ( e-  +  d   →   X   →   u    +     u )

3)  CP  violation: the number of left handed up quarks produced by X 

must be different from the number of right handed up antiquarks 



4)  The universe was not in equilibrium when this happened, otherwise if 

( e+  +  d  →   u    +    u )       >   ( e-  +  d  →   u    +     u ) then

( u    +    u    →  e+  +  d )       >   ( u    +     u  →  e-  +  d )



Neutrino Decoupling      nuCB

Photon Decoupling            CMB

Nucleosynthesis      light elements

Wimp (?)       BAU



INCONTRI CON GLI STUDENTI

The amount of CP, discovered in 1964  in   mixing (see below) is 

however too small to explain the scarcity of antimatter in the universe. 



Baryon Number Violation & CP Violation 

in the Standard Model

quantum & non perturbative effects

T=0

classically

T >> EEW





Weak Couplings, 

Quark Masses

  and

CP Violation in

 the Standard Model



Some General Consideration:

Discrete Symmetries C P T:

1) Charge Conjugation

2) Parity 

3) Time reversal

All violated at the quantum level

CPT conserved in a local relativistic 

quantum field theory (vacuum)



Parity



Charge 

Conjugation



NOT DISCUSSED IN THIS LECTURES
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